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1 Introduction
The cosmological constant problem remains the more misterious one in a modern high energy
physics. There was proposed a number of different approaches to solve this problem (see, for
example, [1 - 11] and references therein), but no any approach is able to give the completely
consistent scheme of vanishing this constant.
Here we shall consider the influence of vacuum quantum effects of matter fields in curved
space-time to the value of induced cosmological constant. In a region of asymptotic freedom,
that is, in an accord with the modern point of view, at energies beyond the Grand Unification
scale, all interactions between matter fields are weakened and the only quantum effect is the
appearance of the trace anomaly of the energy-momentum tensor. The purpose of the present
paper is to explore the back reaction of this vacuum effect to the matter fields with respect to
induced value of the cosmological constant. Trace anomaly generates a new dynamical degree
of freedom, which is usually named as conformal factor or dilaton. Not so far Antoniadis and
Mottola have considered the theory of conformal factor as some infrared version of quantum
gravity [12], and found this theory as a useful tool for the exploration of the cosmological
constant problem. Then this approach (with various modifications) has been developed in a
few papers (see, for example [13 - 20]). In particular, in Ref. [20] there was calculated the
contributions of quantized conformal factor to the effective potential of scalar field. At the
same time in Ref. [20] the semiclassical approximation has been used and quantum effects of the
matter fields was not taken into account. The complete investigation of the system of interacting
matter and dilaton field meets some difficulties, because in the corresponding theory there are
fourth as well as second derivative terms. Here we consider the complete case and derive one-
loop divergences with the use of method proposed in [21] (see also [22]). Then we point out the
one-loop renormalizability of the theory and use renormalization group methods to analyze the
running of the coupling and to derive the effective potential of the scalar field. After this we
consider the possibility of the first order phase transition induced by curvature, and discuss a
possible way to fine tune the scale parameter in order to provide a small value of the induced
cosmological constant.
The paper is organized as follows. In section 2 we give the overview of the basical concepts
of [20] and formulate the structure of interaction between the conformal factor and matter fields.
Section 3 is devoted to the calculation of the one-loop counterterms and to the renormalization
structure. In section 4 the renormalization group method is applied for the analysis of the
running of coupling constants. Here we also obtain the expression for the effective potential. In
section 5 the possibility of the first order phase transition is stated and the induced values of
Newtonian and cosmological constants are calculated.
2 The action of conformal factor and coupling structure
The starting point of our investigation is the theory of asymptotically free massless fields of spin
0, 12 and 1 in an external gravitational field. One can find the review of quantum field theory in
an extermal gravitational field for example in Refs. [23,24,22]. In particular, in [22] it is also pre-
sented the theory of interacting fields in curved space-time. The multiplicative renormalizability
require the nonminimal terms to be included into the action as well as the vacuum ones. When
the radiational corrections are taken into account, the parameter of nonminimal coupling obeys
the corresponding renormalization - group equations. As it was pointed out in [25,26] (see also
[22]), in some asymptotically free models it takes place the asymptotic conformal invariance.
This means that the nonminimal coupling ξ (we suppose the nonminimal term to have the form
ξRφ2) is arbitrary at low energies while at high energies it has the conformal value 16 .
The next important quantum effect, in an external gravitational field, is the appearance of
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the anomaly trace of the energy-momentum tensor which allows to calculate, with accuracy to
some conformal invariant functional, the effective action of vacuum [27,28] (see also [22]). This
effective action originally arises as a nonlocal functional, but it can be written in a local form
with the help of an extra dimensionless field, which is named as dilaton, in analogy with the
string theory, or as conformal factor.
The anomaly trace of the energy-momentum tensor has the form [29,23,24]
T =< T µµ >= k1C
2 + k2E + k3✷R , (1)
where the values of k1,2 ,3 are determined by the number of fields of different spin in a starting
GUT model. Trace anomaly (1) leads to the equation for the effective action
− 2√−ggµν
δW
δgµν
= T ,
which has the nonlocal solution [27,28]
W [gµν ] = Sc[gµν ] +
∫
d4x
√−g
(
k3 +
2
3k2
)
R2 +
∫
d4x
√−gx
∫
d4y
√−gy
×
{
k1C
2 + 12k2
(
E − 23✷R
)}
x
G(x, y)
{
k2
(
E − 23✷R
)}
y
, (2)
where G(x, y) is the Green function for the Hermitian conformal covariant fourth-order operator
(4), C2 is the square of the Weyl tensor and E is Gauss-Bonnet invariant. This effective action
can be written in a local form with the help of an auxiliary dimensionless field σ [27]. It reads
W [gµν , σ] = Sc[gµν ] +
∫
d4x
√−g
{
1
2σ∆σ + σ
[
k′1C
2 + k′2
(
E − 23✷R
)]
+ k′3R
2
}
. (3)
The Conformally covariant self-adjoint operator ∆ is defined by
∆ = ✷2 + 2Rµν∇µ∇ν − 23R✷+ 13(∇µR)∇µ . (4)
The values of k′1,2,3 differ from k1,2,3 because of contribution of ∆ to conformal trace (1) [27].
The solution (3) contains an arbitrary conformal invariant funtional Sc , which is the integration
constant for the equation (2). This functional is not essential for our purposes and we shall not
take it into account.
Our main supposition is that the quantum effects of induced gravity, that is of the field
σ, are relevant below the scale of asymptotic freedom and asymptotic conformal invariance,
where coupling constants in the matter fields sector are not equal to zero. We are interested
in the cosmological applications, and therefore it is natural to suppose that the transition to
low energies (or long distances) corresponds to some conformal transformation in the induced
gravity action (3) and hence classical fields and induced gravity appear in different conformal
points [32]. To realize this it is necessary to make a conformal transformation of the metric
in (3) and then to consider the unified theory. At the same time it is more convenient to
make the conformal transformation of metric and matter fields in the action of the last. Such
a transformation corresponds to some change of variables in the path integral for the unified
theory.
The only source of conformal noninvariance in the action of the fields of spin 0, 12 , 1 is the
nonminimal term in the scalar sector. In the framework of asymptotically conformal invariant
models the value of ξ is not equal to 16 at low energies and hence the interaction of conformal
factor with scalar field arises. Introducing the scale parameter α we obtain the following action
for the conformal factor coupled with the scalar field:
S = W [gµν , σ] +
∫
d4x
√−g
{
1
2(1− 6ξ)φ2
(
α2gµν∂µσ∂νσ + α✷σ
)
+12g
µν∂µφ∂νφ+
1
2ξRφ
2 − 124fφ4
}
, (5)
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where W [gµν , σ] is defined in [3]. Thus the interaction between scalar field and conformal factor
arises as a result of the conformal transformation of the metric gµν → g′µν = gµν exp(2ασ) and
the matter field Φ → Φ′ = Φexp(dΦασ), where dΦ is the conformal weight of the field Φ. The
only kind of fields which takes part in such an interaction is the scalar one, where the interaction
with conformal factor appears as a result of nonconformal coupling at low energies. Hence the
contributions of other matter fields to the effective potential of the scalar field do not depend
on conformal factor and can be calculated separately. In the next sections we shall concentrate
ourselves on the theory (5) and estimate the dilaton contributions to the effective potential.
3 Calculation of one-loop divergences
The calculation of the one-loop divergences of the theory (5) is not a trivial problem because
the classical action contains second derivative terms as well as fourth derivative ones. Here
we shall use the method of Ref. [21], where the one-loop divergences have been calculated for
higher derivative quantum gravity coupled with matter fields. According to [21], we shall use
the background field method and hence we start with the separation of fields into background
σ, φ and quantum τ, η ones, by means
σ → σ′ = σ + τ , φ→ φ′ = φ+ η . (6)
The one-loop effective action is defined as
Γ =
i
2
Tr ln Hˆ , (7)
where Hˆ is the bilinear (with respect to quantum fields τ, η) form of the classical action (5).
After some algebra we get the following self-adjoint bilinear form
Hˆ =
(
Hττ Hτη
Hητ Hηη
)
, (8)
where
Hττ = ✷
2 + 2Rµν∇µ∇ν − 23R✷+ 13(∇µR)∇µ + (6ξ − 1)
[
α2φ2✷+ α2(∇µφ2)∇µ
]
,
Hτη = −(6ξ − 1)
[
αφ✷+ 2α(∇µφ)∇µ + α(✷φ) − 2α2φ(∇µσ)∇µ − 2α2(∇µ(φ∇µσ))
]
,
Hητ = −(6ξ − 1)
[
αφ✷+ 2α2φ(∇µσ)∇µ
]
,
Hηη = −✷+ ξR− 12fφ2 − (6ξ − 1)
[
α(✷σ) + α2(∇µσ)(∇µσ)
]
. (9)
After the change of variables η → iη we arise to the following structure of Hˆ
Hˆ =
(
✷
2 + 2V µν∇µ∇ν +Nµ∇µ + U Q1✷+Qµ2∇µ +Q3
P1✷+ P
µ
2 ∇µ + P3 ✷+ Eµ∇µ +D
)
, (10)
where the values of V,N,U,Qi, Pi, E,D follows from (9). They read
V µν = 2Rµν − 23Rgµν + (6ξ − 1)φ2α2gµν ,
Nµ = 13(∇µR) + (6ξ − 1)α2(∇µφ2) , U = 0 ,
4
Q1 = −i(6ξ − 1)φα , Qµ2 = −2i(6ξ − 1)
[
(∇µφ)α − φ(∇µσ)α2
]
,
Q3 = −i(6ξ − 1)
[
α(✷φ)− 2α2(∇µ(φ∇µσ))
]
, P1 = −i(6ξ − 1)φα ,
Pµ2 = −2i(6ξ − 1)φ(∇µσ)α2 , P3 = 0 , Eµ = 0 ,
D = −ξR+ 12fφ2 + (6ξ − 1)
[
α(✷σ) + α2(∇µσ)(∇µσ)
]
. (11)
Expressions (10) enables us to use the method and partially also the results of [21] in a direct
way. After some algebra we obtain the following general form for the one-loop divergences of
the effective action (7):
Γdiv =
2
ε
∫
d4x
√−g
{
1
4P
µ
2 Q2µ +
1
4P1Q3 − 14V µµ P1Q1
−DP1Q1 + 12 (P1Q1)2 + 12Qµ2∇µP1 − 16RP1Q1
+ 124V
µνVµν +
1
48(V
µ
µ )
2 − 16V µνRµν + 112V µµ R− U
+12
(
D + 16R
)2
+ 120
(
RµνRµν − 13R2
)
− 136R2
}
+ (surface terms) . (12)
Substituting (11) into (12) we arise at the explicit expression for Γdiv
Γdiv =
2
ε
∫
d4x
√−g
{
1
24φ
4
[
3f2 + 12(6ξ − 1)2fα2 − 432(6ξ − 1)2α4ξ2
]
−12φ2
(
R− 6α✷σ − 6α2∇µσ∇µσ
) [
1
6 (6ξ − 1)f + 2α2ξ(6ξ − 1)2
]
− 760
(
RµνRµν − 13R2
)
+ 172
(
R− 6α✷σ − 6α2∇µσ∇µσ
)2}
+ (surface terms) . (13)
where ε = (4pi)2(n− 4) is parameter of dimensional regularization.
Let us now make some notes concerning the renormalization structure in the theory under
consideration. One can easily see that in this theory the wide cancellation of divergences takes
place. This happens because such a theory is renormalizable, at least at one-loop level, if the
necessary vacuum terms are introduced. The needed form of the vacuum action is clear from
(13) and is
Svac =
∫
d4x
√−g
{
a1
(
R− 6α✷σ − 6α2∇µσ∇µσ
)2
+ a2
(
RµνRµν − 13R2
)}
. (14)
Note that the last action contains the dynamical field σ and therefore can not formally be
viewed as vacuum one. At the same time the dependence of σ can be removed by conformal
transformation which have to be included into the renormalization. Another way need the
terms of the action (14) to be included from the very beginning. In this case the consideration
presented below corresponds to the more complete theory taken in the stable fixed point for the
corresponding effective couplings [19, 41].
Next point is related to the renormalization in the sector of scalar field φ. One can see
that there is no any divergences which lead to renormalization of φ. All the divergences can
be removed by the renormalization of couplings, including a1, a2 and the renormalization group
equations include only β, but not γ functions. Then it follows that the effective potential of
the theory depends on β-functions only, and therefore it is free of ambiguities which arise, for
instance, in gauge theories (see, for example, discussion in [30] for the case of higher derivative
gravity corrections to effective potential).
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4 Renormalization group equations
Since the theory defined by Eq. (5) is multiplicatively renormalizable, one can use the renor-
malization group method for its study. For our purposes it is more convenient to deal with an
arbitrary background metric gµν and therefore we must use the approach described in [22] (see
also original papers [25,26,31]). The general solution of the renormalization group equations for
effective action{
µ
d
dµ
+ βf
d
df
+ βξ
d
dξ
− γφ δ
δφ
− γσ δ
δσ
}
Γ[φ, σ, f, ξ, gµν , µ] = 0 (15)
has the form
Γ[φ, σ, f, ξ, gµνe
2t, µ] = Γ[φ(t), σ(t), f(t), ξ(t), gµν , µ] , (16)
where µ is the dimensional parameter of renormalization. Effective fields and coupling constants
obey the equations
dφ(t)
dt
= (γφ + 1)φ , φ(0) = φ ,
dσ(t)
dt
= γσσ, σ(0) = σ ,
df(t)
dt′
= βf , f(0) = f ,
dξ(t)
dt′
= βξ, ξ(0) = ξ . (17)
Here t′ = (4pi)−2t, while γ and β functions are defined as usual. Note that in our case there is no
need to renormalize fields φ, σ and therefore all γ functions are equal to zero. The β - functions
for effective couplings f(t), ζ(t) = 1− ξ(t) can be easily obtained from (13). One has
(4pi)2βf = 3f
2 + 12fα2ζ2 + 12α4ζ2(ζ − 1)2 , f(0) = f ,
(4pi)2βζ = ζ[f + 2α
2ζ(ζ − 1)] , ζ(0) = ζ . (18)
Here we introduce ζ instead of ξ for compactness. Let us now consider the asymptotics of the
effective couplings f(t), ζ(t). It is easy to see that both β functions (18) vanish in the physically
relevant points f = 0, ζ = 0 and f = 0, ζ = 1. There are also three more solutions with negative
f , but they do not look so interesting, because classical potential for φ in these cases is not
bounded from below. The first solution corresponds to the conformal fixed point while the
second one corresponds to the minimal fixed point. The last means that within this solution ξ
is equal to zero. One can easily make the analysis of stability of the minimal fixed point in the
framework of standard Lyapunov’s method and find it stable in the IR limit t→ −∞. Moreover
one can easily obtain, that in this limit f ∼ ξ6 → 0 and therefore f ≪ ξ.
The problem of stability of the first solution can not be solved in such a way, because if we
make the infinitesimal variations of couplings ζ, f , the linear corrections to this fixed point in β
functions are equal to zero. Rejecting the infinitesimal terms of higher order we find
dδf
dt′
= 3(δf)2 + 12α4(δζ)2 ,
6
dδζ
dt′
= δζ(δf + 2α2δζ) , (19)
where δζ, δf are infinitesimal variations of couplings. Since we are only interested in the in-
finitesimal variations, there are three possible cases: i) δζ and δf are of the same order, ii) δζ
is smaller than δf , iii)δf is smaller than δζ. A detailed analysis shows that all these three situ-
ations are not possible, and therefore conformal fixed point is not stable in IR limit. Moreover
one can easily see that both fixed points are not stable in UV limit.
Some notes are in order. We start our consideration with some asymptotically free and
asymptotically conformal invariant GUT, and consider the scalar field φ as part of this GUT.
Formally the contribution of quantum field σ to βf contradicts asymptotic freedom and therefore
the whole approach looks quite ambiguous, but it is not the case. We suppose that the value
of α to be close to zero and hence the contributions of quantum conformal factor are small at
short distances. On the other hand, at long distances, the scaling parameter α has some finite
value and this leads to some nontrivial dynamics in far IR. Note that the IR dynamics of α has
been recently studied in [33].
5 Effective potential for scalar field and phase transition in-
duced by curvature
Now we follow [31,22] and use the renormalization group method for the derivation of the effective
potential for scalar field φ. According to [31,22] the solution of Eq. (15) for the potential part
of the effective action has the form
Veff = −1
2
ξRφ2 +
f
24
φ4 +
1
48
βfφ
4
[
ln
φ2
µ2
− 25
6
]
− 1
4
βξφ
2R
[
ln
φ2
µ2
− 3
]
, (20)
where µ is a dimensional parameter of renormalization and both β functions have been defined
in Eq. (18).
Here we shall restrict ourselves to only consider the first-order phase transition. Then the
equations for the critical values of curvature Rc and order parameter φc have the form
Veff (Rc, φc) = 0, V
′
eff (Rc, φc) = 0, V
′′
eff (Rc, φc) > 0. (21)
Here primes stand for derivatives of V with respect to φ. The effective potential in Eq. (20) has
rather complicated form and therefore any relevant analysis of Eqs.(21) needs some restrictions
on the values of f, ζ to be imposed. Since we are interested in the phase transition, which has to
take place in far infrared, it is natural to suppose that these couplings obey the renormalization
group equations and have values which are close to the IR stable fixed point f = 0, ξ = 0.
Then the first two equations in (21) have two non trivial solutions for critical values of
curvature and φ. They read
φ2c = q1,2|Rc|, q1 = −
ε
18α4ξ4
, q2 = −ε
2
,
(φ(1)c )
2 = µ2 exp
(
18α2 + 1
6α2
)
, (φ(2)c )
2 = µ2 exp
(
25
6
)
, (22)
where φ
(1,2)
c correspond to q1,2 and ε = R/|R| is the sign of the scalar curvature. For q2
the third condition in Eq. (21) reads as ξ + o(ξ2) < 0, which contradicts the initial condition
ξ ≈ 16 > 0, which must hold at high energies. For q1 the third condition in Eq. (21) has the
form
βf
32 + o(ξ
3) > 0 and so the initial condition is fulfilled. Therefore in the framework of used
7
approximation the first order phase transition takes place at critical values of φc and |Rc| which
correspond to the choice q1 in Eq. (22).
Substituting the values of φ
(1)
c and q1 from Eq. (22) into effective potential (20), we obtain the
estimate for Veff at the critical point. The corresponding action has the form of Hilbert-Einstein
action
Sind = − 1
16piGind
∫
d4x
√−g(R− 2Λind) , (23)
where induced values of Newtonian and cosmological constants are defined from Eqs. (20)-(22)
to be
1
16piGind
= −ξ(φ(1)c )
2
(1− 2α2)2 , (24)
Λind = − 1
16piGind
9α4
4(1 − 2α2)2 . (25)
If we substitute into (25) the critical value for the order parameter φ(1), the induced Newto-
nian and cosmological constants are expressed via dimensional parameter of renormalization µ
and in place of (24) we get
1
16piGind
= −ξ(1− 2α2)2µ2 exp
(
18α2 + 1
6α2
)
. (26)
To estimate the induced values of Λind and Gind we must remove arbitrariness related with the
value of µ. There are two different ways to do this. One can follow [31,33] and fix the induced
value of Newtonian constant to be equal to its classical value. This means that one chooses µ
of the same order of the Planck mass mp = (8piG)
−1. At the same time we are dealing here not
with Planck energies as in Ref. [33], but with some energy scale below the unification point Mx.
On the other hand we have not any ground to suppose that the induced values of Newtonian and
cosmological constants were the same at Mx scale and at the modern epoch. On the contrary,
there are some reasons in favour of the effective running of these constants at energies above
(see, for example, [34,35]) and below [11] this scale. Therefore it is more reasonable to choose
the value of µ close toMx or below and thus obtain the values of constants, which are induced by
the quantum effects of conformal factor discussed above. Note that the absence of cosmological
constant in a modern observational data needs its independent suppression in any part of the
energy scale [1]. If one takes the value of α to be close to zero, then the induced value of
the cosmological constant will be very small. In fact we suppose that the energy scale of strong
matter effects in external gravitational field is some µ1 and that the quantum effects of conformal
factor is relevant at another scale µ2 < µ1. Since the close scales correspond to a small value
of the scale factor α, we obtain that, if the difference between µ2 and µ1 is small enough, the
induced value of the cosmological constant is small too. So, if we suppose that the point of phase
transition discussed above is close to Mx, then the induced value of Λ is in a good agreement
with the observational data.
6 Conclusion
We have considered the interaction between conformal factor and matter fields in a region close
to the scale of asymptotic freedom. In fact the only nontrivial contributions to Veff come
from the quantized scalar field. All other fields decouple from conformal factor and therefore
give additive contributions to Veff . These contributions are not so essential, because in the
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region of asymptotic freedom all interactions between matter fields are week. The results of
our analysis are in a good agreement with previous semiclassical results derived in Ref. [20],
where the scalar field was treated as pure background. At the same time the physical picture in
the considered case is more sophisticated. We meet here the nontrivial scale dependence of the
effective nonminimal coupling, wich changes from conformal value 16 to the IR stable minimal
value. The phase transition occure at the scale close to stable fixed point, and the resulting
induced constants do not depend on ξ, as in the more simple case of Ref. [20].
Now let us briefly discuss some possible ways to extend the above considerations. First
of all it would be very interesting to incorporate in the theory also finite temperature effects,
which have to be very important in the early Universe [35]-[38]. Thermodynamics properties
of quantum fields in static space-times have been studied by many authors [39]. This can be
usefully done with the help of finite-temperature generating functional in the ’imaginary time’
formalism [40]. Unfortunately, in the theory we are considering one encounters some technical
difficulties due to the fact that the small disturbance operator is of fourth order.
Next, it is possible to estimate quantum effects of conformal factor above the unification
scale. Since this region is close to Planck energies, it is necessary to take into account quantum
effects of the metric. To achieve renormalizability it is necessary to consider the general dilaton
gravity [41], which is the direct generalization of higher derivative gravity theory [42]-[46]. In
this case the interaction between gravity (including conformal factor) and matter fields takes
place even without the conformal shift of the induced action. Generally speaking, such an
investigation is possible at least at one-loop level [47], but it is related with a very big volume
of calculations.
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